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1. Introduction
Let Ω Ă RN pN ě 1q be a bounded connected open set whose boundary BΩ is regular enough.
Let T ą 0 and O be a nonempty subset of Ω ˆ p0, T q. We will use the notation Q “ Ω ˆ p0, T q and
Σ “ BΩˆ p0, T q.
In this paper we deal with controllability properties for some pseudo-parabolic equations of the form
pI ´ γLqBty `My “ f, (1.1)
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where γ is positive real number and L andM are linear partial differential operators in the spatial variable
of order 2l and m with m ď 2l, respectively ([12, 18, 19, 20]). More precisely, we consider the following
two problems ˇˇˇˇ
ˇˇˇ yt ´∆yt ´∆y “ vχO in Q,y “ 0 on Σ,
yp¨, 0q “ y0 in Ω
(1.2)
and ˇˇˇˇ
ˇˇˇ yt ´∆yt ` divpApx, tqyq “ vχO in Q,y “ 0 on Σ,
yp¨, 0q “ y0 in Ω,
(1.3)
where A “ pa1, . . . , aN q is a given vector field and χO P C8pQq with suppχ0 Ă O.
Our goal in this paper is to investigate the null controllability problem:
given T ą 0 and y0 P H10 pΩq find a control v P L2pOq such that the associated solution of
(1.2) presp. (1.3)q satisfies:
yp¨, T q “ 0, in Ω.
Equations such as (1.1) are a particular case of the so called equations of Sobolev-Galpern type, see
[8, 21]. These type of equations appear for instance in the study of problems associated with the flow of
certain viscous fluids, in the theory of seepage of homogeneous liquids in fissured rocks, see [3], and surface
waves of long wavelength in liquids, acoustic-gravity waves in compressible fluids, hydromagnetic waves
in cold plasma, acoustic waves in anharmonic crystals, see [4]. In particular, equations (1.2) and (1.3)
are know as the Barenblatt-Zheltov-Kochina equation and the multidimensional Benjamin-Bona-Mahony
equation, respectively (see for instance [1, 2, 3, 4, 17]).
Regarding controllability for equations (1.2) and (1.3), as far as we know, the only results available
in the literature were obtained in the one-dimensional setting. Indeed, in [16] it is proved that equation
(1.3), with A being a constant, cannot be steered to zero if ω Ř Ω is a proper subset. However, the proof
given in [16] can be only performed in the 1d setting, since it relies on the moment method. For a positive
controllability result for (1.2), we cite [22], where the authors consider the problem on the torus and an
prove that if one make the control to move in time, in order to cover the whole domain, it is possible to
drive the solution to zero. Also related to the controllability of (1.3), we cite [23, 24], where the unique
continuation property is studied.
In this paper, we analyze the null controllability of equations (1.2) and (1.3) in the multi-dimensional
setting. First, we show that both equations (1.2) and (1.3) cannot be steered to zero if the control is
fixed and localized in a proper open subset of Ω. More precisely, we prove the following negative results.
Theorem 1.1. Let T ą 0 and ω Ř Ω be a fixed open set. If O “ ωˆ p0, T q then system (1.2) is not null
controllable at time T , i.e., there exists y0 P H2pΩq ˆH10 pΩq such that the null controllability of system
(1.2) fails.
Theorem 1.2. Let T ą 0, ω Ř Ω be a fixed open set and A P C8pQq. If O “ ωˆp0, T q then system (1.3)
is not null controllable at time T , i.e., there exists y0 P H2pΩq ˆH10 pΩq for which the null controllability
of (1.3) does not hold.
It is worth to mention that Theorems 1.1 and 1.2 are closely related to the fact that the principal
part of (1.2) and (1.3), given by Bt∆, has vertical characteristic hyperplanes which makes impossible to
recover any information localized along these characteristics (see Section 2). In fact, the proof of both
results relies on the construction of highly localized solutions (gaussian beams). For Theorem 1.1 we
construct such solutions by means of Fourier transform (for similar constructions see [13, 14]). On the
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other hand, since the vector field A in equation (1.3) depends on both the space and time variables, we
can not use Fourier Transform to prove Theorem 1.2. Therefore, we will use a different approach based
on asymptotic expansion of solutions.
The second main part of this paper is devoted to obtain positive null controllability results for equations
(1.2) and (1.3). In fact, since the main obstruction to the null controllability with localized fixed controls
is the existence of concentrated solutions, we ask the control to move so that we can see the information
that would be lost otherwise, i.e., we make the control to move in time in order to cover the whole space
domain.
Before stating the main positive results, we give the precise definition on the movement of the controls.
We take the control domain determined by the evolution of a given reference subset through a flow
X : RN ˆ r0, T s ˆ r0, T s Ñ RN , which is generated by some vector field F P Cpr0, T s;W 2,8pRN ;RN qq,
i.e. X solves $&%
BX
Bt px, t, t0q “ F pXpx, t, t0q, tq,
Xpx, t0, t0q “ x.
(1.4)
We make following geometric requirements:
Assumption 1.3. There exist a smooth bounded domain ω0 Ă RN , a curve Γ P C8pr0, T s;RN q, and two
times t1, t2 with 0 ď t1 ă t2 ď T such that:
Γptq P Xpω0, t, 0q X Ω, @t P r0, T s; (1.5)
Ω Ă
ď
tPr0,T s
Xpω0, t, 0q “ tXpx, t, 0q; px, tq P ω0 ˆ r0, T su; (1.6)
ΩzXpω0, t, 0q is nonempty and connected for t P r0, t1s Y rt2, T s; (1.7)
ΩzXpω0, t, 0q has two (nonempty) connected components for t P pt1, t2q; (1.8)
@θ P Cpr0, T s; Ωq, Dt P r0, T s, θptq P Xpω0, t, 0q, (1.9)
where the flow X is generated by an admisible velocity field F P Cpr0, T s;W 2,8pRN ;RN qq.
Definition 1.4 (Moving control region). A moving control region is defined as Oω “ ŤtPr0,T s rXpω, t, 0q X Ωsˆ
ttu and for any t ą 0 a time section is defined as Oωptq “ Xpω, t, 0q X Ω.
We will prove the following positive controllability results.
Theorem 1.5. Suppose that Assumption 1.3 holds and let T ą 0, ω Ă RN , with ω0 Ă ω. Then, for any
y0 P H2pΩq XH10 pΩq there exists a moving control v P L2pOωq such that the associated solution to (1.2)
satisfies
yp¨, T q “ 0 in Ω.
Theorem 1.6. Suppose that Assumption 1.3 holds and let T ą 0, ω Ă RN , with ω0 Ă ω. Then, for any
y0 P H2pΩq XH10 pΩq and any T ą 0, there exists a moving control v P L2pOωq such that the associated
solution to (1.2) satisfies
yp¨, T q “ 0 in Ω.
It is worth mentioning that the idea of making the control to move in order make the system become
controllable has been used for many different problems in the past few years, see [6, 10, 11, 15]. Here
we will use the approach introduced in [5], based on Carleman inequalities, which allows us to treat
multi-dimensional problems.
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2. Negative Controllability Results
2.1. Barenblatt-Zheltov-Kochina with fixed controls. We prove Theorem 1.1. Here we assume
that O is of the form ω ˆ p0, T q, where ω is a proper open subset of Ω.
For analyzing the controllability of (1.2) we will make use of the following decomposition:ˇˇˇˇ
ˇˇˇˇ
ˇ
u´∆u “ w in Q,
wt ` w “ u` vχO in Q,
u “ 0 on Σ,
wp¨, 0q “ u0 ´∆u0 in Ω.
(2.1)
Indeed, the solution of equation (1.2) satisfies up¨, T q “ 0 if and only if the solution of system (2.1)
satisfies wp¨, T q “ 0.
From duality arguments, the null controllability for system (2.1) with control supported in ω ˆ p0, T q
is equivalent to the existence of a constant C ą 0 such that the observability inequality
}ψp¨, 0q}2L2pΩq ď C
ż T
0
ż
ω
|ψ|2dxdt,
holds for all ψT P L2pΩq, where ψ, together with ϕ, is the solution of the adjoint systemˇˇˇˇ
ˇˇˇˇ
ˇ
ϕ´∆ϕ “ ψ in Q,
´ψt ` ψ “ ϕ in Q,
ϕ “ 0 on Σ,
ψpT q “ ψT in Ω.
(2.2)
Theorem 1.1 is a direct consequence of the following proposition:
Proposition 2.1. Let ω0 be an open subset of Ω such that ω¯0 Ĺ Ω. Then, there exist 0 ą 0 and
ψT P L2pΩq such that for any integer k ą N{4 the corresponding solution ofˇˇˇˇ
ˇˇˇˇ
ˇ
ϕ ´∆ϕ “ ψ in Q,
´ψt ` ψ “ ϕ in Q,
ϕ “ 0 on Σ,
ψp¨, T q “ ψT in Ω
(2.3)
satisfies
}ψp¨, 0q}2L2pΩq ě C and }ψ}2L2p0,T ;L2pω0qq ď Ck´N{4 @ P p0, 0q (2.4)
where C is a positive constant independent of .
Proof. Let us first consider the system (2.3) posed in RN ˆ p0, T q, i.e.ˇˇˇˇ
ˇˇˇ ϕ´∆ϕ “ ψ in RN ˆ p0, T q,´ψt ` ψ “ ϕ in RN ˆ p0, T q,
ψp¨, T q “ ψT in RN ,
(2.5)
with ψT P L2pRN q.
Taking the spatial Fourier transform, one verifies that
ψˆpξ, tq “ e´ |ξ|
2
p1`|ξ|2q pT´tqψˆT pξq and ϕˆpξ, tq “ e
´ |ξ|2p1`|ξ|2q pT´tq
1` |ξ|2 ψˆT pξq
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solves ˇˇˇˇ
ˇˇˇ p1` |ξ|
2qϕˆ “ ψˆ in RN ˆ p0, T q,
´ψˆt ` ψˆ “ ϕˆ in RN ˆ p0, T q,
ψˆp¨, T q “ ψˆT in RN ,
(2.6)
where ψˆT is the Fourier transform of ψT .
Now let θ be a real smooth function supported in B1p0q with }θ}L2pRN q “ 1 and for each  ą 0 consider
ψˆT pξq “ N{4θ
ˆ?

ˆ
ξ ´ ξ

˙˙
e´ix0¨ξ, (2.7)
where ξ P RN , |ξ| “ 1 and x0 is a point around which we will localize our solution.
Let pψˆ, ϕˆq be the solution of (2.6) associated to ψˆT . Since ψˆT P L2pRN q, let pψˇ, ϕˇq be the solution
of (2.5) with initial datum ψˇT , the inverse Fourier transform of ψˆ

T .
Claim 1. There exist two constants C1, C2 ą 0, independent of , such that
C1 ď }ψˇp¨, 0q}L2pRN q ď C2.
Proof of Claim 1. We have
ψˇpx, tq “ 1p2piqN
ż
RN
e
´ |ξ|2p1`|ξ|2q pT´tqψˆT pξqeix¨ξdξ (2.8)
and by Parseval’s identity
}ψˇp¨, tq}2L2pRN q “
1
p2piq2N
ż
RN
e
´2 |ξ|2p1`|ξ|2q pT´tq|ψˆT pξq|2dξ.
Since }ψˆT }L2pRN q “ 1, it follows that
e´2T
p2piq2N ď }ψˇ
p¨, 0q}2L2pRnq ď
1
p2piq2N . (2.9)

Claim 2. Let x0 P RN . For any δ ą 0 there exists C ą 0, independent of , such that
}ϕˇ}2L2p0,T ;H1p|x´x0|ěδqq ` }ψˇ}2L2p0,T ;L2p|x´x0|ěδqq ď Ck´N{4.
Proof of Claim 2. Let us show the estimate for ϕˇ. Similar arguments give the estimate for ψˇ.
Since
ϕˇpx, tq “ 1p2piqN
ĳ
RN
e
´ |ξ|2p1`|ξ|2q pT´tq
1` |ξ|2 ψˆ

T pξqeix¨ξdξ, (2.10)
by the change of variables ζ “ ?pξ ´ ξ q we see that
ϕˇpx, tq “ 
N{4´N{2
p2piqN
ĳ
|ζ|ď1
θpζqeipx´x0q¨p ζ?` ξ q e
´ |
ζ?

` ξ

|2
p1`| ζ?

` ξ

|2q
pT´tq
1` | ζ?

` ξ |2
dζ (2.11)
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From the fact that
∆kζe
ipx´x0q¨p ζ?` ξ q “ p´1qk
ˆ |x´ x0|2

˙k
e
ipx´x0q¨p ζ?` ξ q k P N,
for |x´ x0| ě δ and for any integer k ą N{4, we have
ϕˇpx, tq “ p´1qk 
k´N{4
p2piqN |x´ x0|2k
ĳ
|ζ|ď1
e
ipx´x0q¨p ζ?` ξ q∆kζ
`θpζqe´ |
ζ?

` ξ

|2
p1`| ζ?

` ξ

|2q
pT´tq
1` | ζ?

` ξ |2
˘
dζ (2.12)
For  small, one can prove that the term in ∆kζ in the above integral is bounded uniformly with respect
to  and then the following estimate holds
|ϕˇpx, tq| ď C 
k´N{4
|x´ x0|2k . (2.13)
Analogously, we have
|∇ϕˇpx, tq| ď C 
k´N{4
|x´ x0|2k (2.14)
and this gives the estimate for ϕˇ.

Claim 3. Let ψˆT as (2.7) and pϕˇ, ψˇq the associated solution of (2.5). Then,
}ψˇp¨, 0q}2L2p|x´x0|ďδq ě C ą 0.
Proof. From (2.13) for t “ 0, we get
}ψˇp¨, 0q}2L2p|x´x0|ěδq ď Ck´N{4
and from Claim 1 we have
e´2T
p2piq2N ď }ψˇ
p¨, 0q}2L2pRnq,
which gives the result.

We now finish the proof of Proposition 2.1. To do that, consider x0 P Ωzω¯0 and
0 ă η ă mintdistpx0, BΩq, distpx0, Bω0qu
such that tx : |x´ x0| ď ηu Ă Ω.
As before, take pψˇ, ϕˇq the solution of (2.5) associated to ψˇT , the inverse Fourier transform of ψˆT .
Consider pψ¯, ϕ¯q the restriction of pψˇ, ϕˇq to Ωˆ p0, T q. Thus,ˇˇˇˇ
ˇˇˇˇ
ˇ
ϕ¯ ´∆ϕ¯ “ ψ¯ in Q,
´ψ¯t ` ψ¯ “ ϕ¯ in Q,
ϕ¯ “ q on Σ,
ψ¯p¨, T q “ ψT in Ω
(2.15)
where ψ¯T :“ ψˇT |Ωˆp0,T q and q :“ ϕˇ
ˇˇ
BΩˆp0,T q.
From Claim 2 and Claim 3, we have that
}ψ¯}2L2p0,T ;L2pω0qq ď Ck´N{4 and }ψ¯p¨, 0q}2L2pΩq ě C ą 0, (2.16)
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respectively.
Now, let pϕ‹ , ψ‹ q be the solution ofˇˇˇˇ
ˇˇˇˇ
ˇ
ϕ‹ ´∆ϕ‹ “ ψ‹ in Q,
´ψ‹,t ` ψ‹ “ ϕ‹ in Q,
ϕ‹ “ ´q on Σ,
ψ‹ p¨, T q “ 0 in Ω.
Noticing that q P L2p0, T ;H1{2pBΩqq, one can show that ψ‹ P H1p0, T ;L2pΩqq and the following
estimate holds
}ψ‹ }H1p0,T ;L2pΩqq ď C}q}L2p0,T ;H1{2pBΩqq.
Nevertheless, because q :“ ϕˇ ˇˇBΩˆp0,T q, by trace estimate and Claim 2, we deduce that
}ψ‹ }H1p0,T ;L2pΩqq ď Ck´N{4. (2.17)
Finally, defining pψ, ϕq “ pψ¯ ` ψ‹ , ϕ¯ ` ϕ‹q, we see that pψ, ϕq solves (2.3) and by (2.16)–(2.17)
we obtain (2.4). 
2.2. Benjamin-Bona-Mahony with fixed controls. We now prove Theorem 1.2. Here we assume
that O “ ω ˆ p0, T q, where ω is a proper open subset of Ω.
The null controllability for system (1.3) with control supported in ω ˆ p0, T q is equivalent to the
existence of a constant C ą 0 such that the observability inequality
}ψp¨, 0q}2L2pΩq ď C
ż T
0
ż
ω
|ψ|2dxdt, (2.18)
holds for all ψT P L2pΩq and ψ is the solution of the adjoint equationˇˇˇˇ
ˇˇˇ ´ψt `∆ψt ´A ¨∇ψ “ 0 in Q,ψ “ 0 on Σ,
ψp¨, T q “ ψT in Ω.
(2.19)
In order to prove Theorem 1.2, we show that the observability inequality (2.18) does not hold for every
ψT P L2pΩq.
Given x0 P Ωzω0, we set αpxq “ x¨ξ0`i |x´x0|22 with ξ0 P RNzt0u and let δ ą 0 be such that Bδpx0q Ă Ω
and Bδpx0q X ω “ H. For h ą 0, we introduce the function
ψhpx, tq “ eiαpxqh
`
f0pxq ` hf1px, tq ` h2f2px, tq
˘
,
where$’’’’’’’’’&’’’’’’’’’%
f0 P C80 pBδpx0qq, f0 ” 1 in pB δ
2
px0q,
f1px, tq “ ´if0pxq
ż T
t
Apx, τqdτ ¨∇αpxq
|∇αpxq|2 ,
f2px, tq “
´
ż T
t
Apx, τqdτ ¨∇f0 ´ i
ż T
t
f1px, τqApx, τqdτ ¨∇α´ 2i∇f1 ¨∇α´ if1∆α
|∇αpxq|2 .
(2.20)
Remark 2.2. Since |∇αpxq| ě |ξ0| ‰ 0 for all x P Ω, f1 and f2 are well-defined and supp f1p¨, tq Ă
supp f0, supp f2p¨, tq Ă supp f0 for all t P r0, T s.
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It is easy to check that ψh P C8pQq satisfiesˇˇˇˇ
ˇˇˇ ´ψh,t `∆ψh,t ´A ¨∇ψh “ R in Q,ψh “ 0 on Σ,
ψhp¨, T q “ eiαh f0 in Ω,
(2.21)
with
R “ eiαh
„`´f1,t `∆f1,t ´A ¨∇f1 ` 2i∇α ¨∇f2,t ` i∆αf2,t ´ iA ¨∇αf2˘h
` `´f2,t `∆f2,t ´A ¨∇f2˘h2
:“ eiαh `hR1 ` h2R2˘ .
(2.22)
Let now ϕ P H1p0, T ;H2pΩq XH10 pΩqq be the unique solution ofˇˇˇˇ
ˇˇˇ ´ϕt `∆ϕt ´A ¨∇ϕ “ ´R in Q,ϕ “ 0 on Σ,
ϕp¨, 0q “ 0 in Ω.
(2.23)
The function ψ “ ψh ` ϕ solves ˇˇˇˇ
ˇˇˇ ´ψt `∆ψt ´A ¨∇ψ “ 0 in Q,ψ “ 0 on Σ,
ψp¨, T q “ eiαh f0 ` ϕp¨, T q in Ω.
(2.24)
For h small enough, we have
}R}2L2pΩˆp0,T qq “ h
ż T
0
ż
BRpx0q
e´
|x´x0|2
h |R1px, tq ` hR2px, tq| dx dt „ OphN{2`1q. (2.25)
From standard energy estimates, one deduce that
}ϕ}2L2pωˆp0,T qq ď }R}2L2pΩˆp0,T qq “ OphN{2`1q, (2.26)
for h small enough.
Now, since ψh
ˇˇ
ωˆp0,T q “ 0, it follows that
}ψ}2L2pωˆp0,T qq „ OphN{2`1q. (2.27)
On the other hand, we have
}ψp¨, 0q}2L2pΩq “
ż
Ω
e´
|x´x0|2
h
ˇˇ
f0 ` hf1 ` h2f2
ˇˇ2
dx
„ OphN{2q.
(2.28)
From (2.27) and (2.28), it follows that the observability inequality (2.18) cannot hold for every ψT P
L2pΩq. This proves Theorem 1.2.
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3. Positive Controllability Results
This section is devoted to prove Theorems 1.5 and 1.6. First, let us recall the weight functions needed
to apply moving controls and their consequences in terms of Carleman inequalities.
In what follows, we assume that X and ω0 satisfy Assumption 1.3, and for each open set ω Ă RN ,
with ω0 Ă ω, we choose ω1, ω2 nonempty open sets in RN such that
ω0 Ă ω1, ω1 Ă ω2, ω2 Ă ω.
The following weight function is constructed in [5].
Lemma 3.1 ([5]). There exist a positive number τ P p0,mint1, T {2uq and a function η P C8pΩˆ r0, T sq
such that
∇ηpx, tq ‰ 0, t P r0, T s, x P ΩzXpω1, t, 0q, (3.1)
ηtpx, tq ‰ 0, t P r0, T s, x P ΩzXpω1, t, 0q, (3.2)
ηtpx, tq ą 0, t P r0, τ s, x P ΩzXpω1, t, 0q, (3.3)
ηtpx, tq ă 0, t P rT ´ τ, T s, x P ΩzXpω1, t, 0q, (3.4)
Bη
Bν px, tq ď 0, t P r0, T s, x P BΩ, (3.5)
ηpx, tq ą 3
4
}η}8, t P r0, T s, x P Ω. (3.6)
Next, we introduce a real function r P C8p0, T q, symmetric with respect to t “ T2 and such that for
τ ą 0, as above,
rptq “
$’’’’’&’’’’’%
1
t
for 0 ă t ď τ2 ,
strictly decreasing for τ2 ă t ă τ,
1 for τ ď t ď T2 ,
rpT ´ tq for T2 ď t ă T
and define the weights
γpx, tq “ eληpx,tq px, tq P Ωˆ p0, T q,
αpx, tq “ rptqpe2λ}η}8 ´ γpx, tqq px, tq P Ωˆ p0, T q,
ξpx, tq “ rptqγpx, tq px, tq P Ωˆ p0, T q,
α˚ptq “ max
xPΩ
αpx, tq t P p0, T q,
ξ˚ptq “ min
xPΩ
ξpx, tq t P p0, T q.
where λ ą 0 is a parameter that will be chosen large enough.
The following Carleman inequality is proved in [5].
Lemma 3.2. There exist positive real numbers λ1 ą 0, s1 ą 0 and C1 ą 0 pdepending on Ω and ω0q
such that for all λ ě λ1, all s ě s1 and all q P H1p0, T ;L2pΩqq, the following inequality holds
sλ2
ĳ
Q
ξ|q|2e´2sα dxdt ď C1
¨˝ĳ
Q
|qt|2e´2sα dxdt` s2λ2
ż T
0
ż
Oω2 ptq
e´2sαξ2|q|2 dxdt‚˛.
We recall that Oω2ptq “ Xpω2, t, 0q X Ω (see Definition 1.4).
For our purposes, we prove the following two new Carleman inequalities for the Laplace operator.
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Lemma 3.3. There exist positive real numbers λ2 ą 0, τ2 ą 0 and C2 ą 0, independents of t, such that
for all λ ě λ2, all τ ě τ2 and all z P C0pr0, T s;H2pΩq XH10 pΩqq, the following inequality holdsż
Ω
“
λ4pτγq3|z|2 ` λ2pτγq|∇z|2‰ e2τγ dx ď C2 ż˜
Ω
|∆z|2e2τγ dx`
ż
Oω2 ptq
λ4pτγq3|z|2e2τγ dx¸ , @t P r0, T s.
Lemma 3.4. There exist positive real numbers λ3 ą 0, τ3 ą 0 and C3 ą 0, independents of t, such that
for all λ ě λ3, all τ ě τ3 and all pg,Gq P H1p0, T ;L2pΩq ˆ L2pΩqN q, the solution z ofˇˇˇˇ ´∆z “ g `∇ ¨G in Q,
z “ 0 on Σ, (3.7)
satisfiesż
Ω
“
λ2pτγq2|z|2`|∇z|2‰ e2τγdx ď C3 ˜ż
Ω
“
λ´2pτγq´1|g|2`pτγq|G|2‰e2τγdx ż`
Oω2 ptq
λ2pτγq2|z|2e2τγ dx
¸
,
for all t P r0, T s.
For sake of completeness, we give a sketch of the proofs of Lemmas 3.3 and 3.4 in Appendixes A and B,
respectively.
3.1. Barenblatt-Zheltov-Kochina with moving controls. In this section we show the null control-
lability for equation (1.2). In fact, Theorem 1.5 is a direct consequence of the following result.
Proposition 3.5. Suppose that Assumption 1.3 holds and let T ą 0, ω Ă RN , with ω0 Ă ω. For any
z0 P L2pΩq, there exists a moving control v P L2pOωq such that the solutionˇˇˇˇ
ˇˇˇˇ
ˇ
y ´∆y “ z in Q,
zt ` z “ y ` vχOω in Q,
y “ 0 on Σ,
zp¨, 0q “ z0 in Ω.
(3.8)
satisfies
yp¨, T q “ zp¨, T q “ 0 in Ω.
We prove Proposition 3.5 by showing that there exists C ą 0 such that
}ψp¨, 0q}2L2pΩq ď C
ż T
0
ż
Oωptq
|ψ|2dxdt, @ψT P L2pΩq, (3.9)
with pϕ,ψq solution of ˇˇˇˇ
ˇˇˇˇ
ˇ
ϕ´∆ϕ “ ψ in Q,
´ψt ` ψ “ ϕ in Q,
ϕ “ 0 on Σ,
ψpT q “ ψT in Ω.
(3.10)
By a straightforward argument, the proof of the observability inequality (3.9) is reduced to the following
Carleman inequality:
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Theorem 3.6. Under Assumption 1.3. For any T ą 0, ω Ă RN , with ω0 Ă ω, there exist positive
constants s0, λ0 ě 1 and C, only depending on Ω and ω, such that, for any ψT P L2pΩq, the solution
pϕ,ψq to the adjoint system (3.10) satisfies:ĳ
Q
rsλ2ξ|∇ϕ|2 ` s3λ4ξ3|ϕ|2se´2sϕdxdt`
ĳ
Q
sλ2ξ|ψ|2e´2sαdxdt
`
ĳ
Q
rsλ2ξ˚|∇ϕt|2 ` sλ2ξ˚|ϕt|2se´2sα˚dxdt
ď Cs5λ6
ż T
0
ż
Oωptq
ξ5e´4sα`2sα
˚ |ψ|2dxdt. (3.11)
for all s ě s0pT ` T 2q and for all λ ě λ0.
Proof. First, applying Lemma 3.2 to (3.10)2 and taking λ large enough, we obtain
sλ2
ĳ
Q
ξ|ψ|2e´2sαdxdt ď C1
¨˝ĳ
Q
|ϕ|2e´2sαdxdt` s2λ2
ż T
0
ż
Oω2 ptq
ξ2|ψ|2e´2sαdxdt‚˛, (3.12)
Next, applying Lemma 3.3 to (3.10)1, we obtain
τ3λ4
ż
Ω
γ3e2τγ |ϕ|2 dx` τλ2
ż
Ω
γe2τγ |∇ϕ|2 dx ď C0
˜ż
Ω
e2τγ |ψ|2 dx` τ3λ4
ż
Oω2 ptq
γ3e2τγ |ϕ|2 dx
¸
,
for λ ě λ0 and τ ě τ0.
To connect this elliptic estimate with (3.12), we set
τ “ sgptq,
we multiply by
e´2sgptqe
2}η}8
and we integrate with respect to t in (0,T). Let us remark that the last choice of τ will be greater that
τ0 whatever we take s0 ě τ0, then we deduceĳ
Q
rsλ2ξ|∇ϕ|2 ` s3λ4ξ3|ϕ|2se´2sαdxdt
ď C0
¨˝ĳ
Q
|ψ|2e´2sαdxdt` s3λ4
ż T
0
ż
Oω2 ptq
ξ3|ϕ|2e´2sαdxdt‚˛. (3.13)
Adding (3.12) and (3.13), and absorbing the lower order terms by taking λ large enough, we getĳ
Q
rsλ2ξ|∇ϕ|2 ` s3λ4ξ3|ϕ|2se´2sαdxdt`
ĳ
Q
sλ2ξ|ψ|2e´2sαdxdt
ď C
˜
s2λ2
ż T
0
ż
Oω2 ptq
ξ3|ψ|2e´2sαdxdt` s3λ4
ż T
0
ż
Oω2 ptq
ξ3|ϕ|2e´2sαdxdt
¸
.
(3.14)
Next, we need to eliminate the local integral of ϕ appearing in the right hand side of (3.14). For that,
we first take the time derivative in first equation of system (3.10) and use the second equation of the
same system to see that ϕt solves the following elliptic equation
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ˇˇˇˇ
ϕt ´∆ϕt “ ψ ´ ϕ in Q,
ϕt “ 0 on Σ. (3.15)
Then, from (3.14) and energy estimates for (3.15), it is not difficult to see thatż
Q
rsλ2ξ˚|∇ϕt|2 ` sλ2ξ˚|ϕt|2se´2sα˚dxdt
ď C
˜
s2λ2
ż T
0
ż
Oω2 ptq
ξ3|ψ|2e´2sαdxdt` s3λ4
ż T
0
ż
Oω2 ptq
ξ3|ϕ|2e´2sαdxdt
¸
.
(3.16)
Combining (3.14) and (3.16), we getĳ
Q
rsλ2ξ|∇ϕ|2 ` s3λ4ξ3|ϕ|2se´2sαdxdt`
ĳ
Q
sλ2ξ|ψ|2e´2sαdxdt
`
ż
Q
rsλ2ξ˚|∇ϕt|2 ` sλ2ξ˚|ϕt|2se´2sα˚dxdt
ď C
˜
s2λ2
ż T
0
ż
Oω2 ptq
ξ3|ψ|2e´2sαdxdt` s3λ4
ż T
0
ż
Oω2 ptq
ξ3|ϕ|2e´2sαdxdt
¸
.
(3.17)
Now, let us introduce the function
ζpx, tq :“ ϑpXpx, 0, tqq, (3.18)
where ϑ is a cut-off function satisfying
ϑ P C80 pωq, 0 ď ϑpxq ď 1, ϑ ” 1 in ω2.
This way, we have that
s3λ4
ż T
0
ż
Oω2 ptq
ξ3|ϕ|2e´2sαdxdt ď s3λ4
ĳ
Q
ζξ3|ϕ|2e´2sαdxdt. (3.19)
Then, using (3.10)2, we obtain
s3λ4
ĳ
Q
ζξ3|ϕ|2e´2sαdxdt “ s3λ4
ĳ
Q
ζξ3ϕψe´2sαdxdt` s3λ4
ĳ
Q
ζξ3ϕp´ψtqe´2sαdxdt
:“ M1 `M2.
Now, let us estimate the terms M1 and M2. From Cauchy-Schwarz inequality, we have
|M1| ď δs3λ4
ĳ
Q
ξ3|ϕ|2e´2sαdxdt` Cδs3λ4
ż T
0
ż
Oωptq
ξ3|ψ|2e´2sαdxdt, (3.20)
for any δ ą 0.
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On the other hand, integrating by parts with respect to t in M2, it yields
M2 “ s3λ4
ĳ
Q
ζξ3ϕtψe
´2sαdxdt` s3λ4
ĳ
Q
ζp3ξ2ξt ´ 2sαtξ3qϕψe´2sαdxdt
`s3λ4
ĳ
Q
∇ϑpXpx, 0, tqq ¨ BXBt px, 0, tqξ
3ϕψe´2sαdxdt
:“ M12 `M22 ´M32 .
For M12 , we notice that, for every δ ą 0, we obtain
|M12 | ď δsλ2
ż
Q
ξ˚|ϕt|2e´2sα˚dxdt` Cδs6λ6
ż T
0
ż
Oωptq
ξ6|ψ|2e´4sα`2sα˚dxdt. (3.21)
Since |ξt| ` |αt| ď sξ2, for every δ ą 0, we infer that
|M22 | ď δs3λ4
ĳ
Q
ξ3|ϕ|2e´2sαdxdt` Cδs7λ4
ż T
0
ż
Oωptq
ξ7|ψ|2e´2sαdxdt. (3.22)
Finally, M32 is estimated as the term M1:
|M32 | ď δs3λ4
ĳ
Q
ξ3|ϕ|2e´2sαdxdt` Cδs3λ4
ż T
0
ż
Oωptq
ξ3|ψ|2e´2sαdxdt. (3.23)
for any δ ą 0.
Combining (3.17) and (3.19)-(3.22), and absorbing the lower order terms, we conclude the proof of
Theorem 3.6.

Remark 3.7. Notice that if the initial data ψT P H10 pΩq, then ψ and ϕ satisfyˇˇˇˇ
ˇˇˇ ´ϕt `∆ϕt ´∆ϕ “ 0 in Q,ϕ “ 0 on Σ,
ϕp¨, T q “ ϕT :“ pI ´∆q´1ψT in Ω
(3.24)
and ˇˇˇˇ
ˇˇˇ ´ψt `∆ψt ´∆ψ “ 0 in Q,ψ “ 0 on Σ,
ψp¨, T q “ ψT in Ω,
(3.25)
respectively. In spite of seeming that the equations are decoupled, one can observe that, their are coupled
by the initial data once they satisfy an elliptic equation, i.e. ϕT ´∆ϕT “ ψT .
Remark 3.8. If u0 P H10 pΩq, there is another decomposition of (1.2), namelyˇˇˇˇ
ˇˇˇˇ ut “ v in Q,v ´∆v ´∆u “ f1ωptq in Q,
u “ 0 on Σ,
up0q “ u0 in Ω,
(3.26)
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which leads to the adjoint system ˇˇˇˇ
ˇˇˇˇ ´ξt ` ξ “ z in Q,z ´∆z “ ξ in Q,
z “ 0 on Σ,
ξpT q “ ξT in Ω.
(3.27)
However, here ξT P H´1pΩq, for which we do not know how to prove a Carleman inequality for the ODE
part of the decomposition.
3.2. Benjamin-Bona-Mahony with moving controls. In this section we prove the null controllability
for the Benjamin-Bona-Mahony equation (1.3). Here, we use a slightly different proof as the one given
in the previous section for the Barenblatt-Zheltov-Kochina equation.
Theorem 1.6 is a consequence of the following result:
Proposition 3.9. Suppose that Assumption 1.3 holds and let T ą 0, ω Ă RN , with ω0 Ă ω. Then, for
any z0 P L2pΩq, there exists a moving control v P L2pOωq such that the solutionˇˇˇˇ
ˇˇˇˇ
ˇ
y ´∆y “ z in Q,
zt `∇ ¨ pApx, tqyq “ vχOω in Q,
y “ 0 on Σ,
zp¨, 0q “ z0 in Ω.
(3.28)
satisfies
yp¨, T q “ zp¨, T q “ 0 in Ω.
Once more, one can see that Proposition 3.9 is equivalent to find C ą 0 such that
}ψp¨, 0q}2L2pΩq ď C
ż T
0
ż
Oωptq
|ψ|2dxdt, @ψT P L2pΩq, (3.29)
where pϕ,ψq solves ˇˇˇˇ
ˇˇˇˇ
ˇ
ϕ´∆ϕ “ A ¨∇ψ in Q,
´ψt “ ϕ in Q,
ϕ “ 0 on Σ,
ψpT q “ ψT in Ω.
(3.30)
Inequality (3.29) is a consequence of the following Carleman inequality:
Theorem 3.10. Under Assumption 1.3. For any T ą 0, ω Ă RN , with ω0 Ă ω, there exist positive
constants s0, λ0 ě 1 and C, only depending on Ω and ω, such that, for any ψT P L2pΩq, the solution
pϕ,ψq to the adjoint system (3.30) satisfies:ĳ
Q
e´2sαr|∇ϕ|2 ` s2λ2ξ2|ϕ|2sdxdt` sλ2
ĳ
Q
ξ|ψ|2e´2sαdxdt
`
ż
Q
rsλ2ξ˚|∇ϕt|2 ` sλ2ξ˚|ϕt|2se´2sα˚dxdt
ď Cs6λ2
ż T
0
ż
Oωptq
ξ6e´4sα`2sα
˚ |ψ|2dxdt.
for all s ě s0pT ` T 2q and for all λ ě λ0.
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Proof. We begin applying the Carleman inequality given by Lemma 3.2 to (3.30)2, which givesĳ
Q
sλ2ξ|ψ|2e´2sαdxdt ď
ĳ
Q
|ϕ|2e´2sαdxdt`
ż T
0
ż
Oω2 ptq
s2λ2ξ2|ψ|2e´2sαdxdt. (3.31)
Next, noticing that
A ¨∇ψ “ ∇ ¨ pAψq ´ ψ∇ ¨A
and applying the Carleman inequality given in Lemma 3.4 for (3.30)1,
τ2λ2
ż
Ω
e2τγγ2|ϕ|2 dx`
ż
Ω
e2τγ |∇ϕ|2 dx ď C
ˆ
1
τλ2
ż
Ω
e2τγ
|ψ|2
γ
dx` τ
ż
Ω
e2τγγ|ψ|2dx
` τ2λ2
ż
Oω2 ptq
e2τγγ2|ϕ|2 dx`
ż
Oω2 ptq
e2τγ |∇ϕ|2 dx
¸
,
for λ ě λ0 and τ ě τ0.
As before, to connect this elliptic estimate with (3.31), we set
τ “ sgptq,
multiply by
e´2sgptqe
2}η}8
and integrate with respect to t in p0, T q. The last choice of τ will be greater that τ0 whatever we take
s0 ě τ0, hence we deduce that
s2λ2
ĳ
Q
e´2sαξ2|ϕ|2 dxdt`
ĳ
Q
e´2sα|∇ϕ|2 dxdt
ď C
¨˝
1
sλ2
ĳ
Q
e´2sα
|ψ|2
ξ
dxdt` s
ĳ
Q
e´2sαξ|ψ|2 dxdt
` s2λ2
ż T
0
ż
Oω2 ptq
e´2sαξ2|ϕ|2 dxdt`
ż T
0
ż
Oω2 ptq
e´2sα|∇ϕ|2 dxdt
¸
.
(3.32)
Adding (3.31) and (3.32), and absorbing the lower order terms by taking λ large enough, we get
sλ2
ĳ
Q
e´2sαξ|ψ|2dxdt` s2λ2
ĳ
Q
e´2sαξ2|ϕ|2 dxdt`
ĳ
Q
e´2sα|∇ϕ|2 dxdt
ď C
˜
s2λ2
ż T
0
ż
Oω2 ptq
e´2sαξ2|ψ|2dxdt` s2λ2
ż T
0
ż
Oω2 ptq
e´2sαξ2|ϕ|2 dxdt
`
ż T
0
ż
Oω2 ptq
e´2sα|∇ϕ|2 dxdt
¸
.
Now, let us introduce ω3 such that ω2 Ă ω3 Ă ω3 Ă ω and the function
ζpx, tq :“ ϑpXpx, 0, tqq,
where ϑ is a cut-off function satisfying
ϑ P C80 pω3q, 0 ď ϑpxq ď 1, ϑ ” 1 in ω2.
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This way, we have that ż T
0
ż
Oω2 ptq
e´2sα|∇ϕ|2 dxdt ď
ĳ
Q
ζe´2sα|∇ϕ|2 dxdt. (3.33)
Then, since ζe´2sα∇ϕ “ ∇pζe´2sαϕq ´∇pζe´2sαqϕ, we obtainĳ
Q
ζe´2sα|∇ϕ|2 dxdt “
ĳ
Q
∇pζe´2sαϕq ¨∇ϕdxdt´
ĳ
Q
r∇pζe´2sαq ¨∇ϕsϕdxdt
“ 1
2
ĳ
Q
∆pζe´2sαq|ϕ|2 dxdt`
ĳ
Q
∇pζe´2sαϕq ¨∇ϕdxdt
:“ B1 `B2.
Now, let us estimate the terms B1 and B2. For that, we use that
∆pζe´2sαq :“ e´2sα  ∆ζ ` 4sλξ r∇ζ ¨∇ηs ` 2sλξζ “λ|∇η|2p2sξ ` 1q `∆η‰( ,
to see that
B1 ď C s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ϕ|2 dxdt.
Since A ¨ ∇ψ :“ ∇ ¨ pAψq ´ ψ∇ ¨ A P H´1pΩq, the solution for (3.30)1 satisfies the following weak
formulation
pϕ,wq ` p∇ϕ,∇wq “ ´pAψ,∇wq ´ pψ∇ ¨A,wq @w P H10 pΩq.
Using the previous formulation with w “ ζe´2sαϕ, we obtain
B2 “ ´
ĳ
Q
ζe´2sα|ϕ|2 dxdt´
ĳ
Q
p∇ ¨Aq ζe´2sαϕψ dxdt´
ĳ
Q
ψ
“
A ¨∇pζe´2sαϕq‰ dxdt
:“ B12 `B22 `B32 .
Now, for B12 , we easily deduce that
|B12 | ď C s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ϕ|2 dxdt.
For B22 , we notice that, for every δ ą 0, we obtain
|B22 | ď δsλ2
ĳ
Q
e´2sαξ|ψ|2 dxdt` Cδ s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ϕ|2 dxdt.
Since ∇pζe´2sαq “ e´2sαp∇ζ ` 2sλξζ∇ηq, for every δ ą 0, we have that
B32 ď ε
¨˝
s2λ2
ĳ
Q
e´2sαξ2|ϕ|2 dxdt`
ĳ
Q
e´2sα|∇ϕ|2 dxdt‚˛` Cδ s2λ2 ż T
0
ż
Oω3 ptq
e´2sαξ2|ψ|2 dxdt.
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This way, we get
sλ2
ĳ
Q
e´2sαξ|ψ|2dxdt` s2λ2
ĳ
Q
e´2sαξ2|ϕ|2 dxdt`
ĳ
Q
e´2sα|∇ϕ|2 dxdt
ď C
˜
s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ψ|2dxdt` s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ϕ|2 dxdt
¸
.
(3.34)
Finally, to estimate the local integral of ϕ in the right-hand side of (3.34), we need to have some global
integral in ϕt in the left-hand side. For that, we first take the time derivative in (3.30)1, and the fact
that pA ¨∇ψqt “ ∇ ¨ pAtψ`Aψtq ´ψt∇ ¨A´ψ∇ ¨At, and use the equation (3.30)2 to see that ϕt solves
the following elliptic equationˇˇˇˇ
ϕt ´∆ϕt “ ∇ ¨ pAtψ ´Aϕq ` ϕ∇ ¨A´ ψ∇ ¨At in Q,
ϕt “ 0 on Σ. (3.35)
From (3.34) and energy estimates for (3.35), it is not difficult to see thatż
Q
rsλ2ξ˚|∇ϕt|2 ` sλ2ξ˚|ϕt|2se´2sα˚dxdt
ď C
˜
s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ψ|2dxdt` s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ϕ|2 dxdt
¸
.
(3.36)
Combining (3.34) and (3.36), we getĳ
Q
e´2sαr|∇ϕ|2 ` s2λ2ξ2|ϕ|2sdxdt` sλ2
ĳ
Q
ξ|ψ|2e´2sαdxdt
`
ż
Q
rsλ2ξ˚|∇ϕt|2 ` sλ2ξ˚|ϕt|2se´2sα˚dxdt
ď C
˜
s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ψ|2dxdt` s2λ2
ż T
0
ż
Oω3 ptq
e´2sαξ2|ϕ|2 dxdt
¸
.
(3.37)
To finish the proof we estimate the local integral of ϕ by using that (3.30)2 and similar arguments to
the ones in the proof of Theorem 3.6.

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Appendix A. Carleman inequality for the Laplace operator
In this section we give the main ideas for the proof of Lemma 3.3. We borrow the ideas from [5, 7].
First, we fix a time t P r0, T s, set the weight γpx, tq :“ eληpx,tq and consider the function wpx, tq :“
eτγpx,tqzpx, tq.
Then, we have
eτγ∆pe´τγwq “M1w ´M2w,
where
M1w :“ ∆w ` τ2|∇γ|2w
is the self-adjoint part of the operator and
M2w :“ 2τ∇γ ¨∇w ` τ∆γw
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is its skew-adjoint part, respectively.
It follows that
}eτγ∆z}2L2pΩq “ }M1w}2L2pΩq ` }M2w}2L2pΩq ´ 2pM1w,M2wqL2pΩq. (A.1)
The idea of the proof is to analyze the term pM1w,M2wqL2pΩq. Indeed, a straightforward computation
gives
´2pM1w,M2wqL2pΩq “ 4τ
Nÿ
i,j“1
ż
Ω
B2ijγBjwBiw dx´ 2τ
ż
BΩ
Bγ
Bν
ˇˇˇˇBw
Bν
ˇˇˇˇ2
dΓ
´
ż
Ω
|w|2rτ∆2γ ´ 2τ3∇γ ¨∇p|∇γ|2qs dx.
Consequently, (A.1) may be rewritten as
}eτγ∆z}2L2pΩq “ }M1w}2L2pΩq ` }M2w}2L2pΩq ` 4τ
Nÿ
i,j“1
ż
Ω
B2ijγBjwBiw dx
´ 2τ
ż
BΩ
Bγ
Bν
ˇˇˇˇBw
Bν
ˇˇˇˇ2
dΓ´
ż
Ω
|w|2rτ∆2γ ´ 2τ3∇γ ¨∇p|∇γ|2qs dx.
To finish the proof, we need the following claim.
Claim 4. There exist constants λ3 ą 0, τ3 ą 0 and K P p0, 1q, independents of t P r0, T s, such that for
all λ ě λ3 and all τ ě τ3 we haveż
Ω
|w|2r2τ3∇γ ¨∇p|∇γ|2q ´ τ∆2γsdx` 1
K
λτ3
ż
Oω1 ptq
λ3γ3|w|2dx ě Kλs3
ż
Ω
λ3γ3|w|2dx, @t P r0, T s. (A.2)
In fact, from this claim and since BγBν “ λγ BηBν ď 0 on BΩˆ r0, T s, see (3.5), we have
}M1w}2L2pΩq ` }M2w}2L2pΩq `Kλ4
ż
Ω
pτγq3|w|2 dx
ď }eτγ∆z}2L2pΩq ´ 4τ
Nÿ
i,j“1
ż
Ω
BjBiγBjwBiw dx`K´1λ4
ż
Oω1 ptq
pτγq3|w|2 dx.
(A.3)
The finishes the proof of Lemma 3.3 since one has that
τλ2
ż
Ω
γ|∇w|2 ď C
ˆ
τ´1}M1w}2 ` τ3λ4
ż
Ω
γ3|w|2
˙
. (A.4)
Proof of Claim 4. The claim follows immediately from the existence of τ0, λ0 ą 0 such that the estimates
2τ3∇γ ¨∇|∇γ|2 ´ τ∆2γ ě Aτ3λ4γ3, t P r0, T s, x P ΩzXpω1, t, 0q
|2τ3∇γ ¨∇|∇γ|2 ´ τ∆2γ| ď 3A´1τ3λ4γ3, t P r0, T s, x P Xpω1, t, 0q.
holds for every τ ě τ0 and for all λ ě λ0 
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Appendix B. Carleman inequality for the Laplace operator in H´1pΩq
We give the sketch of the proof of Lemma 3.4, which is inspired by the arguments in [9].
For every t P r0, T s, we set the function γpx, tq “ eληpx,tq and consider wpx, tq “ eτγpx,tqzpx, tq.
We have the following decomposition
eτγ∆z “ eτγ∆pe´τγwq “ r∆w`τ2|∇γ|2ws´r2τ∇γ ¨∇w`τ∆γws “ eτγg`eτγ∇ ¨G “ eτγ g˜`∇ ¨ peτγGq,
where g˜ “ g ´ τ∇γ ¨G.
Multiplying the previous equation by w and integrating by parts, one can see that:ż
Ω
|∇w|2 dx` τ2
ż
Ω
|∇γ|2|w|2 dx “
ż
Ω
eτγ g˜w dx´
ż
Ω
eτγG ¨∇w dx
which, together with the properties of the weigh function, gives the result.
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